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ABSTRACT 

In  this  paper  we  the  problem  of  establishing  the  number  of 

solutions  to  the  complementarity  problem^  For  the  cane  when  the  Jacobian  of 

the  mapping  has  all  principal  minors  negative,  and  statisfies  a  condition  at 

infinity,  >#«►  i-t-'v  that  the  problem  has  either  0,1,2  or  3  solutions.  4fi‘ 

_jU-.  that  when  the  Jacobian  has  all  principal  minora  positive,  and  satis- 

fv 

fies  a  condition  at  infinity,  the  problem  has  a  unique  solution.  — -fo  ^  -*£  - 
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Significance  and  Explanation 


I 


^-^he  problem  of  solving  nonlinear  programs,  certain  nonlinear  n  person 
noncooperat ive  games,  general  equilibrium  models  with  linear  production  and 
several  others  can  be  stated  as  a  comp lemen tar ity  problem  on  a  closed  convex 
and  polyhedral  cone.  In  this  paper  we  consider  the  problem  of  establishing  the 
number  of  solutions  such  problems  may  have.  The  basic  tool  used  is  the  homotopy 
invariance  of  the  Brouwer^  degree  and  the  theorems  of  Gale  and  Nikaido,  and  Inada. 
For  the  case  when  this  cone  is  the  non-negative  orthant ,  the  underlying  functions 
are  continuously  differentiable  and  satisfy  a  condition  at  infinity,  and  the 
Jacobian  has  either  all  principal  minors  positive  or  negative,  the  exact  number 
of  solutions  of  the  problem  are  obtained.  It  is  shown  that  for  the  positive 
case,  this  number  is  one,  and  for  the  negative  case,  it  can  be  either  0,1,2,  or 

3.  In  the  negative  case,  conditions  when  the  problem  has  a  unique  solution  are 

also  given.  These  results  can  have  important  applications  in  general  equilibrium 
analysis.  In  addition,  when  the  problem  is  defined  on  a  closed,  convex,  poly¬ 
hedral  and  pointed  cone,  with  a  positivity  condition  on  the  Jacobian  (similar 

to  the  one  put  by  Mas-Coiell  in  a  recent  extension  of  the  Gale-Nikaido  theorem) 

using  the  method  of  Kojiraa  and  Saigal  ,  a  uniqueness  result  is  established.  Such 
cociplementar ity  problrsss  arise  in  the  general  equilibrium  models  with  linear 
production,  and  have  been  recently  considered  by  Kehoe. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MPC,  and  not  with  the  authors  of  this  report. 


N  TM!  !  SOUTIOHS 


TO  A  CLASS  OF  COMRUKOITARrTY  PROBLEMS 
M.  Rolls m  and  R.  Saiqal 

11  Int  roduct Ion; 

Let  h"  be  the  n-dimenaional  Euclidean  S(>ace,  R  _  R1'  be  a  cloaed,  convex  and 
polyhedral  cone  that  la  pointed  (i.e.,  E  *K  »  (0)1  and  R^  be  the  aubaet  of  all  non- 

nrqat  lve  vectors  In  r”  .  liven  a  mapping  fiE  •  Rn.  and  an  n-vector  q  In  Rn  ,  In 
thin  note  we  consider  the  problem  of  eatabliahlnq  the  number  of  aolutlona  to  the  problem 
of  findlnq  an  x  such  that 

x  <  R  ,  f  (x)  •  q  «  E*  ,  <x,f(x)  -  q  >  •  0  (1.1) 

where  R*  la  the  polar  cone  of  R  ,  i.e..  R*  *  (y:  <x.y)  ^  0  for  all  x  In  R). 

In  cane  E  •  Rn  ,  thla  problem  la  called  the  non-linear  cosq-Iif.entarity  problem,  and  haa 
been  conaidered  by  aeveral  authora.  A  partial  llat  of  there  Include  Cottle  ID, 

Raraaardlan  141,  Meqiddo  and  Eo'lma  Ill),  Saiqal  and  Simon  116], 

ur  aim  In  thla  paper  la  to  make  sc a»r  statement  about  the  aolutlon  aet  of  (1.1)  for 
all  q  in  pn  .  For  the  apecial  caae  when  f  la  affine,  and  R  •  p”  ,  two  such  results 
exist,  namely  those  of  Roilma  and  Saiqal  18)  when  the  Jacobian  of  f  haa  all  principal 
minors  negative  and  of  Samelaon,  Thrall  and  Wealer  117)  and  Hurty  112)  when  the  Jacobian 
of  f  haa  all  principal  minora  positive.  For  the  nonlinear  caae  conaidered  in  this  paper, 
we  will  assume 

(1.2)  f(0)  *  0  and  f  la  continuously  differentiable. 

And  when  Of  lx)  haa  all  principal  minora  neqat  ive  for  each  x  In  R  •  P4  ,  we  will  re¬ 
produce  the  main  result  of  Knilma  and  saiqal  18)  that  for  any  q  (1.1)  has  0,1,2,  or  3 

solutions.  Thla  will  be  established  with  f  satisfying  the  additional  assumption 

(1.3)  for  any  sequence  (x^)^j  In  R^  such  that  fx^l  *  •  •  there  exists 

a  subsequence  J  such  that  either  there  is  an  1  such  that 

f  ^  (x*)  •  -•  'or  X  In  J  or  there  is  an  1  such  that  x*  >  0  for 

all  k  In  j  and  ^(rN  •  •  for  k  In  J  . 

Sponsored  by  the  • 'nit id  'eta t as  Army  under  Contract  No.  0AAG29-75-C-0024.  Thl#  material  la 
based  upon  work  supported  by  the  National  Science  Foundation  under  Grant  No.  NCS77-03472 

and  Grant  No.  NCS78-09S2S. 


In  addition,  usinq  the  method  of  r.ojima  and  Saigal  (71  (see  also  Has-Collel  (I0|)  whan 
'  satisfies  (I..M  and  K  is  an  arbitrary  cone,  with  an  appropriate  condition  on  the 
Jacobian  :  fix)  we  will  show  that  for  each  q  (1.1)  ha*  a  unique  solution.  When  r  ■  R 
thia  condition  reduce*  to  the  fact  that  Of (x)  l»  a  C-matrlx  (l.e.,  ha*  all  ptinci|>al 
minor*  positive),  and  f  satisfies  soar  condition  at  infinity. 

The  principal  tool  used  in  the  proof  of  the  above  mentioned  results  Is  degree  theory 
We  will  follow  the  notation  of  Ortega  and  pheinboldt  114)  for  this  purpose.  A*  suggested 
by  hcglddo  and  Kojima  (111,  to  facilitate  the  use  of  this  theory,  we  now  formulate  11.1) 
as  an  equation  solving  problem. 

Define  the  projection  mapping  P:Pn  •  It  by 

IP(x)  -  xl  •  min  ly  -  xf 

y«K 

and  the  vectors 

x*  •  P(x)  «  It 


and 


x  •  x  -  P(x)  <  -  r* 

In  case  It  «  ,  the  above  operation  amplifies  to 

x*  •  nsx'O.x  ) 

■  l  •  mintO.x  ) 

Sow,  define  the  mapping  g:l»n  •  pn  by 
g(x)  »  x  «  f (x*) 

and  for  some  q  In  »"  ,  the  problem  of  solving  systems  of  equations 

g<«>  *  q  •  (1.4) 

It  can  be  readily  confirmed  that  for  a  given  q  in  e*1  ,  if  x  xolves  (1.1),  then 
♦  -  •  * 

X  •  x  ,  x  -  -f(x)  ♦  q  and  *  •  x  ♦  x  solves  (1.4).  Also,  if  x  solves  (1.4), 

♦ 

then  s  solves  (1.1). 

In  section  2,  for  the  case  when  f  satisfies  (1.2)  and  (1.3)  .  we  establish  scsse 

properties  of  the  mapping  g  when  K  •  p".  In  section  )  we  establish  the  main  result 


relating  to  the  negative  principal  minors,  in  section  4  we  prove  a  sufficient  condition 


for  unl<(ueneti  when  K  is  a  convex,  polyhedral  and  jxiinted  cone,  the  Jacobian  of  1 
satisfies  certain  positivity  conditions,  and  that  g  is  nor*  coercive.  Finally  in  the 
appendix  we  prove  a  !>L  hoMaaorph i *m  theore*.  The  results  of  section  3  can  be  extended 
to  an  arbitrary  cone  if  a  generalization  of  the  theore*  of  Xnada  (3)  similar  to  the 
extension  of  the  C^ile-Sikaldo  theore*  121  proved  by  Mas-Colell  1101  can  be  established. 


S2 .  Scmu*  proportion  of  th» 

In  this  section,  when  K-R^',  we  establish  some  important  properties  of  the  mspplnq  9  as 
defined  in  section  1.  Let  N- (1 , 2 , . . . ,n  '  and  for  each  I  _  S,  possibly  empty,  define 

<j(I>  *  (x  <  h”  1  *  -0  for  i  «  I  ,  k  <0  for  i  <  I) 

1  »  i  • 

an.*.  I  -  <o(I)  t  I  _H).  note  the  I  subdivides  p”  ,  i.e.,  (Rn,I)  is  a  subdivided 

polyhedron.  In  addition,  we  note  that  since  f  is  continuously  differentiable,  for  each 


X  _  N  .  qj  q  fail )  1  oil) 


is  continuously  differentiable,  and  if  A  D9j (x) 


for  sosie  x  in  all),  the  )*"  row  A  of  A  is  u^  (the  }th  unit  vector)  for  )  j  ! 
,th 


and  Df (x  (the  J  row  of  Cf(x  ))  for  j  «  I  . 


He  now  establish  a 

Theorem  2.1.  Let  f  satisfy  (1.2)  and  (1.1),  and  let  q  be  defined  a#  in  section  l. 
Then  q  is  norm  coercive,  i.e.,  if  (x*)  is  a  essence  such  that  |xk£  *  •  then 
lq(x*)l  *  -. 

Proof  1  For  the  sequence  (x*)  define  y *  •  (X*)  and  z ^  •  lx*!*  .  Since  q  is  con- 

)( 

tinuous,  it  is  clearly  nor'  coercive  if  the  sequence  f*  >  is  bounded.  Thus  assume 
r*  *  *.  Frcm  condition  11.1),  there  is  a  subsequence  J  and  an  i  such  that  r^  •  0 

and  f  ft*1)  *  *  *  for  all  k  in  J  .  Since  x*  •  z*  ,  we  have  q^lx*1)  «  f^iz*),  and 

It  k  k  k 

we  have  our  result.  Also,  if  f^fx  )  ■*  -»  as  z  -  •,  then  since  0  ,  q,(x  )  • 

f,  <rN  thus  q^lx*)!  •  •  •  and  the  theorem  follows. 

Theorem  2.2.  Let  f  satisfy  (1.2)  and  for  each  x,  Pf(x)  have  all  principal  minors 
negative.  Then  for  each  1  _  N  ,  q,  1  <t(I)  *  R*1  is  one  to  one. 

Proof ;  The  theorem  holds  trivially  for  I  *  <((the  empty  set),  since  then  q^  -  id  (the 
identity  map).  Sow,  let  4  4  I  ,  and  let  qlx^)  •  qlx^)  for  acsse  x^.x,  in  o(I)  . 

Hence 


*1  *  •  x,  •  f (x*) 

and 

f  t  C ** )  •  fj(x*J  for  all  1  <  1 


(2.1) 


(2.2) 


4- 


!  -ef  lfto'  the  mapping  f  :P 


Them,  define  a  n  ■ 


unit  vector)  .  f  P  f  P  (the  diagram  below 


iy  help  in  undaratandi ng  f*)» 


and  Df  (a)  •  P  Of(P«)  P  and  la  thus  a 


Since  f  is  differentiable,  ao  ia  f 


principal  mnoi  of  I>f<*>.  Since  t>f(k)  has  all  principal  minors  negative,  ao  does 

Of X  < x)  .  Xiao,  h*?«u»  of  (1.2)  f'lr7**)  -  f‘<pT**).  Non,  u> lng  the  well  known  theorem 

T  ♦ 

of  Inada  ( >1  (see  also  T)i»«r«»  20.4,  Klkaido  11)))  on  a  cubical  region  containing  p  s 


conclude  that 


Thus .  from  (2.1)  * 


to.  now  aatabliah  a  set  of  sufficient  condition!  under  which  g  ia  locally  univalent 


Of  (x)  has  all  principal  minors 


Theorem  2 ■  i  (local  univalenee  theorem).  ta>t  ■  .  H 


Then,  there  is  an  open  neighborhood  t!  of  x  which  g  maps  0 


k.  The  result  now  follows 


k.  Thus  det  Og  (s)  <  0  for  each  )  •  1 


each 


frooi  Theorem  XI  in  the  appendls  and  Ia>i 


1 1.  Thr  netjativt*  c<ir  i 


In  thi«  »#ct ion  w«  cons i  cW  r  th«  problem  (1.1)  with  K  •  ,  t  satisfies 

(1.2)-  (1 . ))  and  Df(x)  ha*  all  principal  minors  negative.  w<-  will  prove  that  for  any  q  , 
(1.1)  ha»  0,1,2  or  )  solution*.  Before  we  prove  our  main  result,  we  ness  establish  the 
decree  of  the  ma|>pinq  9  . 

J.  1  Calculation  of  the  degree  of  qi 

Following  Or teqa  and  Khelnboldt  (141.  qiven  a  continuous  mapping  9  on  an  open  set 
0  ,  and  a  y  4  9  OU) ,  where  JU  is  the  boundary  of  the  set  l  we  denote  by  deg(q,U,y) 
the  deqrce  of  9  with  respect  to  U  at  y  .  Now,  for  a  qiven  n*n  matrix  M  which 
has  all  principal  minors  non- re ro ,  define  the  piecewise  linear  mapping 

Its)  •  X  ♦  MX*  (J.l) 

on  the  subdivided  polyhedron  (nn,l).  Since  M  ha*  all  principal  minor*  non-rero,  each 
linear  mapping  t ^  :  t|o(l)  is  one  to  one.  also,  l(x)  Is  norm  coercive.  We  can  then 
prove  i 

Theorem  1.1. 

(s)  lot  M  have  all  principal  minor*  neqative,  and  H  {  0  .  Then 

deg(l,Rn,q)  -  -I  for  all  9  In  r”  . 

(b)  (at  M  have  all  principal  minor*  neqative,  and  M  <  0  .  Then 

deq((,Rn,q)  •  0  for  all  q  In  Rn  , 

Proof ■  let  q*  >  0  he  such  that  S(q*)*  (xit(x)  -  q*'  1  >o(I)  -  <1  for  every  1  N. 

from  Theorem  1.1,  Kojlma  and  Salqal  (8),  under  hypothesis  (a),  •  S(q*)«  1.  Hence 

4eq(l,Rn,q*)  •  -l  1  and  from  lemma  2.2,  (8),  wider  hypothesis  (b)  ,  deq(t,Rn,q*)  »  0. 

How,  let  q  «  Rn  ,  and  consider  the  ho*»topyi  for  t  in  (0,1), 

Ux,t)  •  l(x)  -  (l-t)q*-tq  . 

Since  l  la  norm  coercive.  L  1  CO)  is  boiatded ,  and  thus  from  the  hcasotopy  invariance 
theorem  (6.2.2,  14)  deg(l,Rn,q)  -  deq ( t ,  Rn  ,q*)  and  the  theorem  follows. 

How,  let  H  -  Df (0) .  Since  f  satisfies  (1.2),  f(x)  «  Mx  »  o(x)  auch  that 

lo(x)l  *  0  as  IxJ  »  0  .  How,  for  t  in  (0,1)  define  the  hoantopy 


I 
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H(x,t)  -  (1-t)  i  (x)  *  t  t>  (x) 


n.j> 


•  tlx)  ♦  t  o<x)  . 

beamia  1.2.  Let  M  haw  all  princlj  al  minor*  non-rero.  Then  there  exist  a  >  0,  and 

t  >  0  such  that  lH(x,t)l  '  a.  for  all  x  in  the  boundary  >B(»)  of  B(i)  • 

f  X  llxl  <  C  ). 

Proof :  Since  K  has  all  principal  minor#  non-xero,  the  Jacobian*  of  the  linear  mappings 

ij  '  i  oil)  are  non-singular.  Thus, there  exists  an  a  >  0  such  that  II(x)l  »  2  ill  xli 
for  ell  x  in  h".  Now,  as  lo(x)l  ♦  0  as  I  x*  ♦  0  .  there  exists  an  .  »  0  , 
sufficiently  small,  such  that  iolxll  <  a<  for  all  x  in  Bit)  .  Thus,  from  (3.2), 

IH  (x,t)l  >  li(x)l  -  Iolxll  >  2olx*  -  at.  and  .for  x  «  »(c),  lH(x,t)l  >  at. 

•  • 

Lcnru  ),3.  bet  f  satisfy  (1.2),  (1.3)  and  let  Df(x)  have  each  principal  minor 

negative  for  all  x  .  Then,  for  every  t  »  0  there  exists  a  «  *  0  such  that  for  all  q 

with  Iql  <  S,  Slq)  •  (xig(x)  •  q)  «  B(c). 

Proof :  Assists  the  contrary.  Then,  for  some  t  >  0  and  every  A  »  0  there  exists  a  q 

such  that  Iql  ^  i  and  Slq)  f  BW).  Choose  \  °  *nd  %  ‘  S,S*  **  ,uch 

that  x^  4  B(c  ) .  Nov  (x^i  is  bounded,  since  otherwise,  from  Theorem  2.1,  Iq^l  ”  . 
Thus,  on  some  subsequence  X.  •  x^  .  Also  I  x^l  »  <  thus  f  x_l  »  t  .  But  gl*^)  *  "* 

Hence  r(xJ  •  0  .  Let  x.  t  o(I)  .  Since  r(0)  -  0  .  and  0  t  o(l)  we  contradict  the 
conclusion  of  Theorem  2.2. 

W*  now  prove  the  main  theorem,  which  is  al*o  a  nonlinear  version  of  Theorem  3.1. 
Theorem  J.t.  Let  f  satisfy  (1.2)  and  0.3)  and  let  R  be  defined  a*  in  section  1. 

(a)  Let  Df(x)  have  all  principal  minors  negatiw  for  each  x  In  r"  , 

and  M  -  Df(0)  4  o  •  Then,  deg(g.Rn.q)  •  -1  for  each  q  in  Rn  . 

(b)  Let  Df (x)  have  all  principal  minors  negatiw  for  each  x  in  r"  . 

and  M  -  Df(0)  <  0  .  Then  deg(g. Rn,q)  »  0  for  each  q  in  R°  . 

proof:  Let  a  and  c  be  as  in  Lemma  3.2  and  let  S  »  0  be  as  in  lemma  3.3,  and 

sufficiently  small,  so  that  «  «  it.  Tor  d  -  0  ,  define  0  '  1  «  mln(t/a  .*/**•  t 
and  for  q*  •  i Md  the  linear  problem 


Under  the  hypothesis  (a),  there  is  a  d  >  0  such  that  rid  0  .  Define  *  0 
as  above  and  the  linear  problem  (1.1)  for  q*  •  »Nd.  Using  theorem  1.1  |8),  thl*  problem 
has  the  unique  solution  x  -  id  •  B(c).  Now  consider  the  homotopy  (1.2).  H  1  <«l* )  'Me ) 

<t  ,  since  from  Ucmsu  1.2  and  the  choice  of  S  ,  for  x  «  >B(c),  CH(x.t)  -  q*ll  ‘ 

■  H ( x, t ) I  -  lq*l  *  ai  ■  6  >0  .  ftuis ,  using  the  homotopy  invariance  th#orc®,  (6.2.2*  14) 
<Vq(q,hn,q»)  -  deq(q,B(i),g*)  -  deg tl , B ( c )  ,q*)  -  -1. 

(Aider  the  hypothesis  (b)  .  let  d  >  0  and  0  <  1  •  min !  t . A  )/» df  .  Then, 

the  linear  problem  for  q*  •  id  has  no  solution,  lemma  2.2  (81.  Using  the  arguments  as 

above,  we  can  establish  that 

deg(q,kn,qS)  -  deg (g ,B ( ( )  ,q*)  •  deg  ((  ,B(c)  ,q*>  •  0  . 

Now,  for  q  In  k"  ,  consider  the  homo topy i  for  t  In  (0,1) 

Ltx.t)  •  g(x>  ♦  (l-t)q*  ♦  tq  . 

rrom  Theorem  2.1.  since  q(x)  Is  norm  coercive,  L  1  (0)  is  bounded.  Using 
the  homotopy  Invariance  theorem  (6.2.2,  14),  deglg, k'',q)  •  deg <g. r” ,q*)  ,  the 
theorem  follows. 

1.2.  The  Nisrber  of  solutions; 

me  now  establish  the  required  results  on  the  masher  of  solutions  to  (1.1)  for  any 
given  q  .  me  new  establish  s  simple  lemma: 

1.4.  For  some  q  ,  let  x  solve  (1.4),  and  let  Df(x)  have  all  principal 
minors  non-xero.  Then  there  is  an  open  neighborhood  0  of  x  such  that  x  is  the  only 
solution  to  (1.4)  In  U  . 

Proof :  The  proof  follows  from  the  fact  that,  under  our  hypothesis,  Dg^  <x)  is  non- 

singular  for  each  1  such  that  x  is  In  <j(l),  and  thus,  by  the  Inverse  function  theorem 
(5.2.1,  141,  x  Is  the  only  eolution  of  gjix)  •  q  in  a  small  neighborhood  U(I).  £ee 
also  Corollary  4.7,  Nangasarian  (9). 

me  are  new  ready  to  establish  our  main  results) 

Theorem  1.5.  For  each  x  let  Df(x)  have  all  principal  minor*  negative.  Then,  If 
(1)  Df (0)  !  0  ,  (1.1)  has  s  unique  solution  for  each  q  ^  0  and  q  •  0  . 
three  solution*  for  q  <  0  and  at  most  two  solutions  for  0  f  q  *  0  . 


4  >0  for  at  least  one  1  . 

(U)  DftO)  •  0  .  tl.l)  has  no  solution  for  4  j.  0  .  one  solution  for  q  <  0  , 

4(  «  0  for  at  least  one  i  ,  and  two  solutions  for  q  <  0  . 
rroof :  Proa  theorem  3.4  for  every  q  In  nn  ,  under  hypothesis  (it  deq (q, p" ,q)  “  -1 

ami  umtei  111),  deq  (q ,  Rn,q )  -  0  .  Mso,  let  S(q)  be  the  set  of  solutions  of  (1.1). 
Sow,  let  q  |  o  .  Then  S  (q)  i  3(4)  «  4  .  Hence  at  each  x  in  S(q),  the  conditions 
of  Theorem  2.3  are  satisfied,  and  thus  q  maps  an  open  nelqhborhood  of  x  hoaeo- 

surphically  onto  qllM.  rroa  Theorea  J.  J,  Ko)lms  and  Salqal  (7),  deqtq.U^.q)  <  -1. 
Usinq  the  decomposition  of  'Vmain  |6.2.7,  14),  under  hypothesis  (1),  *S(q)  *  1  and 
hypothesis  tit),  Stq)  -  J 

Mow,  let  q  <  0  .  Then  Stq)  n  0(4)  f  ».  and  usinq  Theorem  2.2,  x  *  q  , 

x*  •  0  is  the  unique  solution  In  0(4).  Since  qtx)  •  x  for  x  t  0(4)  ,  there 

is  a  nelqhborhood  of  x  such  that  deqtq.U^, q)  *  1.  Also,  if  y  is  any  other 

solution  in  Stq),  deqtq.U  ,q)  *  -1  for  some  nelqhborhood  .  Thus,  usinq  the 
deccxsposl t ion  of  domain  (6.2.7,  14),  under  hypothesis  (1),  4S(q)  •  1  and  under  hypoth¬ 
esis  til),  »Stq)  •  2.  How,  let  0  ^  q  <  0  with  q^  »  0  for  at  least  one  l  .  Under 

hypothesis  til),  q  «  Stq),  and  ualnq  Theorem  2.2,  S(q)n  0(4)  »  tq).  If  there  la  any 

other  solution  x  in  Stq),  deqtq.U^.q)  »  -1.  Thus  deqtq.U  ,q)  »  1.  But  arbitrarily 
close  to  q  ,  there  exist  q'  4  0  which  have  no  solution,  l  .e . ,  deqtq.U  ,q')  *  0. 

q 

this  is  a  contradiction,  since  deqree  is  locally  a  constant,  under  hypothesis  (1), 

asstsae  4S(q)  ^  3.  q  ,  Stq).  bet  these  solutions  be  q,x*,...,x*.  Since  these  are  dis- 

lk  lk 

■olnt,  there  exist  nei  qhborhoods  V  ,  U  . U  of  q,x  . x  respectively  such  that 

q 

U*  int  o(4)  *  ...  *  U*  ■  lnt  ot»)  -  4  .  Thus  deq(q,Ul,q)  e  ...»  deq(q,U*,q)  •  -1. 
But,  the  deqtq.n”, q)  is  -V,  hence  deqtq.U  ,q)  >  1,  Since  U  Is  open,  there  exists 

q  •  q 

a  q’  ^  0,  sufficiently  close  to  q  ,  In  such  that  deqtq.U^, q')  <  0  ,  l.e.,  It  is 

*ero  If  S(q)nU^  •  4  ,  and  -1  otherwise.  But,  deqree  Is  locally  constant!  which  is 
thus  a  contradiction  and  our  theorem  follows. 


•*- 


I 

44.  The  Poa  1 1 1  vf  g  a  c  . 

tn  this  section  we  consider  the  problem  (1.1)  with  It  a  closed,  convex, 

pointed,  end  polyhedral  cone  (i.e..  for  aoaa>  r  *n  matrix  A  .  auch  that  4a  •  0  * 

■  •  0,  K  *  {a. An  <  0).)  end  that  f  aatiede*  (1.2).  Now,  with  an  afpropr i at e  cx>ndl- 

t  Ion  on  the  Jacobian  matrix  Df(a)  at  x  .  to  be  described  tw  low ,  we  will  prove  that 

(1.1)  hex  at  Moat  one  solution  for  each  u  in  .  tn  case  It  •  k*  .  this  condition 

a 

reduces  to  the  fact  that  for  all  x  outside  aoax>  bounded  region  of  K  tif  <x)  has  all 
principal  ainor a  poaltiw. 

4.1.  Condition  on  the  Jacobian  Of (a)  . 

for  a  given  set  f  in  kr'  containing  0  let  be  the  subepace  spanned  by  the 

aet  f  ,  i.e., 

r  r 

H  •  <y.  y  -  [  1  M  .  I  V  •  l  .  a  ,  T) 

i-l  ‘  1-1 

Now,  let  f  be  a  face  of  It  ,  i.e.,  them  exlata  an  1^  (1 . r)  auch  that 

f  *  (m  «  K i  (AM)  ^  *  0  for  each  i  «  1^)  ,  and  let  be  the  aubsfaced  spanned  by  F  . 

Xiao,  let  p  be  the  protection  onto  this  subs)  a~e,  i.e,. 

If  (a)  -  at  •  ein  ly-iel  (4.1) 

v«r 

and  note  that  Pf  la  a  linear  maiping.  Thus 
Pr  •  Of (m)  i  •  Nr  . 

l*»  now  state  the  appropriate  condition  on  !>f(a)i 

Condition  4.1i  bet  there  salat  an  '’fen  bounded  aet  (J  in  t  auch  that 
dot  •  Df(a)  >  0  for  all  a  in  u  n  f 

and  for  a  •  K\U  , 

dot  p  •  Of  (a)  >  0  for  every  face  F  of  It  . 

4.2  The  pc*  earring  g; 

In  this  aectlon  ve  show  that  the  napping  g  is  a  piecewise  cont inur-tisly  Ufforenti- 
sble  extension  of  f  on  certain  subdivision  of  k"  .  This  subdivision  is  generated  by 
the  pieces  of  linearity  of  the  piecewise  linear  projection  mapping  Fik"  *  F  defined  by 
lp(a)  -  a*  «  ein  ly-Bl  (4.2) 

r«< 
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L«t  I  be  the  lot  of  ell  subset*  of  K  which  are  generated  by  closing  P  (int  r) 

tor  *o*a>  face  f  of  1C  .  It  la  clear  that  the  element  a  of  are  closed  and  convex. 

that  4  •  9  1  (9  restricted  to  1  )  «  '  In  ,  i»  continuously  differentiable. 

With  !U  It)  •  r  .  bg(a).  where  p  l*  defiled  by  (4.1),  and  •  •  closure  <P  tint  r) )  . 
0  Y  Y 

for  ®o*»  »uf!icl#ntly  intei***  »  0  ,  *wJ  e  w  tth*  vector  of  *1  1 

|*a  in  a"),  define  Sim)  *  (xiXx  <  0  .  Aa  ^  -m  1  .  Since  *  i*  pointed.  6(a)  l* 

txM^»act  for  each  a  .  let  1  be  the  piece*  of  linearity  of  the  pb-aapping 

i  »"  •  SIb)  defined  by 

IP  (*>-*»•  Bin  ly-a*  . 

y«S  (»> 

In  addition,  let  f'(n)  -  (a  i  p(a)  •  P^lal)  .  Then,  we  can  provei 

beta  4.3  bet  *,.*, . *k  be  an  arbitrary  finite  aet  of  vector*  in  h"  .  Por  mcmr 

aufficiently  lari*  m  *  0  ,  *  «  S' (a)  for  each  i  •  1 . k  . 

Proof  i  Thia  lata  follow*  from  the  obaervatlon  that  a*  a  abroach**  infinity.  S' (a) 
approach**  a"  ,  and  that  any  finite  subset  of  lie*  in  a  compact  region,  also.  **e 

r i gure  4.1. 

4.1.  The  Staler  of  Solution* : 

ir*  aw  that  f  *atl»fle*  condition*  11.31  and  (4.11,  and  choose  an  a  >  0  ,  suffi¬ 
ciently  large,  such  that  V  in  i  Kn  «  -»  •  «•  Thus,  the  face*  of  8(B)  that  are 

not  face*  of  *  do  not  inter.ect  0  .  *•  will  My  that  a  1*  sufficiently  large  if 

the  above  property  hold*. 

lata  4.1,  bet  a  >  0  be  sufficiently  large,  and  Sla)  be  the  polyhedron  defined  in 

section  4.3.  Then,  the  PC1  extension  g^  of  f  Slat  (f  restricted  to  flail  is  one  to  one 

Proof :  It  can  be  readily  confirmed  that  under  Condition  4.1  the  face*  of  S(mt  that 

are  subsets  of  faces  of  *  satisfy  (Condition  4.1,  1).  *nd  by  the  choice  of  a  »  0  . 
the  faces  of  S  (a!  that  are  not  subsets  of  faces  of  P  .  do  not  Intersect  V  ,  and  are 
subsets  of  translates  of  face*  of  *  .  and  thus  satisfy  (ill  of  condition  4.1,  and  thus 
also  satisfy  (Condition  4.1,  7).  Now  the  l*a*M  follows  by  a  proof  identical  to  that  of 
(Theoraa  4.1,  7) . 


Wr  can  now  j  row  our  Miti  theorea: 


TSr.it r»  4.4  Salt  f  satisfy  condition*  (1.2)  and  (4.1).  Than  11  1)  ha*  at  aost  on* 


Proof  lait  q  be  arbitrary,  and  let  S(q) 


«  are  both  aratiril 


4.1,  for  aufficiently  lar<|e  a  ■  0 


thua 


have  a  contradiction  that  to 


1*  1-1.  Thu*  our  result  follows 


We  now  show  a  condition  that  insure*  that  (1.1)  ha*  a  unique  solution  for  each  q 


In  addition,  for  each 


Then  (1.1)  ha*  a  unique 


such  that  I 


sequence 


.  'lotion  for  each 


Then 


bet  *  be  arbitrary  in  H 


Theore*  4.4.  »nd  the  fact  that  *  ,  s(q*)).  Hence  deqlq.K  .q*l  «  ♦! 


InH  be  arbitrary  and  consider  the  haasotojvy 


and  thus  the  reault  follow*  fro**  Theoreo  4.4 


IS .  Appe nJl« 


Let  r  i  «r>  •  »n  l*  a  piecewise  linear  mapping  on  the 
as  defined  In  section  2.  t.e.  the  mapping  f!<s(1)  is  linear 
.  k|o(1)(*)  -  AjX  .  Me  can  then  prove-. 

Lbwm  Al  i  There  exist  n «n  matrices  U  and  V  surh  that 

V*  J  *  I 

V5  )  4  I 


subdivided  polytiedron 
,  so,  for  soar  n -n 


(A .  1  ) 


(Kn.I) 

siinr 


where  A '  Is  the  )lh  col-, sen  of  the  matrix  A  . 

Proof :  heflne  u  *  and  V  *  \  holds  for  I  *  *  or  N  .  How.  let 

»  e  I  e  H.  Then,  If  u ^  la  the  )th  unit  vector  In  »n  . 

-  0^  <  o(l)  n  o ( «)  •  (*  i  »(  •  0  for  1<I)  }  i  1 


and 


Uj  «  oil)  n  o(H)  ■  (>  i  •  0  for  1  i  1) 


Since  r  is  continuous, 


*1  “)  ’  %  “) 


for  )  <  I 


and 


)  .  1  . 


\>  ")  ‘  N  “j  for  1  •  1 

and  thus  (A.l)  and  we  are  done. 

He  now  prow  our  theorem 

Theorem  A.Ji  Let  Fi  •  Rn  and  he  piecewise  linear  on  (*",!)  .  Then,  F  maps 
*n  ho  mao  -irphlcally  onto  xn  If  and  only  If  det  A^  det  Aj  >  0  for  all  1  c_  H  . 
Proof:  The  necessity  of  the  condition  follows  from  the  Theorem  2.J,  Rhlenboldt  and 

Vanderqraft  (IS).  He  now  show  the  sufficiency.  How  F  is  a  homeomorph  1  am  If  and  only 
If  OF  Is,  for  any  n -n  nonslnqular  matrix  0  .  let  0  •  O  1  ,  where  0  Is  defined 
in  Lensa  A.l.  Also  det  l)*^  »  0  for  each  I  .  As  can  he  readily  verified,  the 
matrices  1  ,  U*lV  and  0*^  for  I  satisfy  the  conditions  of  Theorem  n.l, 

Kojina  and  Saiqal  (7),  and  thus  the  sufficiency  follows. 
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